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1.  INTRODUCTION  
 

The achievements obtained in the construction of 
high speed milling processing centers (Fig.1) emphasized 
the need to research methods for obtaining a flexible ri-
gidity of the main spindle (Fig. 2) in case of high speed 
milling processes.  

The goal of our research is establishing analysis mod-
els of this parameter, given its importance in increasing 
finished surface quality and the technological process 
productivity. 

 
 
 

 
 

Fig. 1. Milling processing center. 
 

 
Fig. 2. Main spindle.  

The main spindle is one of the most important ele-
ments of a machine tool. The processing performance 
may be improved by increasing the dynamic rigidity of 
the spindle-bearing system. There is a large amount of 
research performed up to now regarding the dynamics of 
machine tool main spindles. Some of it concerns mathe-
matical modeling of the movement equations that gener-
ate the transversal and longitudinal vibrations of the 
spindle [3] using Hamilton’s variation principle. 

The presented model (which is actually a finite-
element model) simulates the real spindle model taking 
into account the interaction between the main spindle, 
house and bearings. Since some research indicates that 
the rotation inertial effect is significant when there is a 
large mass concentrated on the spindle, this study con-
siders the main spindle as a Rayleigh beam. 

In machining industry, the machine tools used for 
producing other machines are referred to as mother ma-
chines.  

Machine tools are the basis for a large variety of 
products from household equipment to medical, automo-
tive, aero spatial and other industries and fields. 

The achievements obtained in machining and manu-
facturing technologies, such as high processing speeds, 
high precision and multi-tasking systems provide the best 
quality finished products. 

High processing standards are ensured through latest 
generation machine tools and operating systems as well 
as new concepts such as "done in one". Computer as-
sisted flexible manufacturing and cyber factory systems 
provide for organization and supervision of manufactur-
ing processes, component supply and module assembly 
such that to accomplish the established delivery terms. 

In order to handle increased costs with highly quali-
fied work personnel and to reduce processing time, the 
manufacturing is performed in e-factories comprised of 
multi-tasking machines equipped with intelligent func-
tions and hi-tech robots. 

The settings are updated automatically and the manu-
facturing costs are significantly smaller in such e-
factories as compared with conventional manufacturing 
plants. 
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Fig. 3. Main spindle model. 

 
2. MATHEMATICAL MODEL 
 

The mathematical model is a continuous beam with 
two freedom degrees (Fig. 3). 

The movement equation for the spindle and housing 
can be written as: 
 
 . (1) 0}]{[}]{[ =+ uKuM &&

 
The dynamic characteristics of the two bearings are: 
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where i, j are the nodes attached to the position of bear-
ing elements. 

We have: 
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where: [M] – mass matrix, [K]l – bearing rigidity matrix,  
[C]l – damping matrix, {u}, {v} – generalized nodal dis-
placements. 

The movement equations for node (i) (Fig. 4) are: 
 

  (5) 

,
0

0
0

0
0

0

0
0

0
0

0
0

2

1

⎭
⎬
⎫

⎩
⎨
⎧

=
⎭
⎬
⎫

⎩
⎨
⎧
θ⎥

⎦

⎤
⎢
⎣

⎡
−

⎭
⎬
⎫

⎩
⎨
⎧
θ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡
+

+
⎭
⎬
⎫

⎩
⎨
⎧
θ⎥

⎦

⎤
⎢
⎣

⎡
−

⎭
⎬
⎫

⎩
⎨
⎧
θ⎥

⎦

⎤
⎢
⎣

⎡
+

⎭
⎬
⎫

⎩
⎨
⎧
θ⎥

⎦

⎤
⎢
⎣

⎡

ci

ci

ic

c

m

r

ia

a

a

a

m

r

ic

c

m

r

ia

a

m

r

ia

a

ia

a

M
Fu

K
Ku

K
K

K
K

u
C

Cu
C

Cu
J

m
&
&

&
&

&&
&&

 

  (6) 

.
0
0

0
0

0
0

0
0

0
0

0
0

0
0

2

1

⎭
⎬
⎫

⎩
⎨
⎧

=
⎭
⎬
⎫

⎩
⎨
⎧
θ⎥

⎦

⎤
⎢
⎣

⎡
−

⎭
⎬
⎫

⎩
⎨
⎧
θ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡
+

+
⎭
⎬
⎫

⎩
⎨
⎧
θ⎥

⎦

⎤
⎢
⎣

⎡
−

⎭
⎬
⎫

⎩
⎨
⎧
θ⎥

⎦

⎤
⎢
⎣

⎡
+

⎭
⎬
⎫

⎩
⎨
⎧
θ⎥

⎦

⎤
⎢
⎣

⎡

ia

a

m

r

ic

c

c

c

m

r

ia

a

m

r

ic

c

m

r

ic

c

ic

c

u
C

Cu
K

K
K

K

u
C

Cu
C

Cu
J

m
&
&

&
&

&&
&&

 
 
 
 

 
 

Fig. 4. Model for housing-spindle connections in node (i). 
 
 

 
 

Fig. 5. Model for housing-spindle connections in node (j). 
 
 

For the node (j) (Fig. 5) the movement equations be-
come: 
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The movement equations for the spindle are: 
 

 (9) 
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For the housing they become: 
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Hence, the movement of the entire system spindle-

housing-bearings is given by: 
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where:  
• mai, mci, maj, mcj – mass of  unit length in nodes (i), 

(j); 
• Jai, Jci, Jaj, Jcj – inertial moments of respective sur-

faces (i), (j); 
• {u}a, {u}c – nodal displacement matrices for spindle 

and housing; 
• {F x} – spindle axial load force. 

Relation (11) can be written in reduced form as: 
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The second order differential equations (8) can be 

transformed into first order differential equations (16) 
according to: 
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The dynamic rigidity can be obtained projecting (14) 
into frequency domain: 
 

 . (16) )}({)}({][ 1 tFtvKd =−

 
Based on data obtained in case of real spindle-

housing-bearings models [4] we have the parameters 
presented in Tables 1 and 2. 
 
 

Table 1 
Constructive characteristics of the real model 

 

d 
(mm) 

A DR 
(mm) 

Dci 
(mm) 

DW 
(mm) 

γ 

25 100 8.62 31 6.75 0.159 
40 100 10.16 46 7.94 0.142 

 

d 
(mm) 

dm 
(mm) 

α° Y Qc 
(N) 

n 

25 41 15 1 2650.97 14 
40 53.94 15 1 3298.68 16 

  
 
 
 
 
 
 

Table 2 
Rigidity and damping characteristics of the main spindle 

bearings 
 

d 
(mm) 

Kr 
(N/m) 

Km 
(N/m) 

Cr 
(N/m) 

Cm 
(NMs/rad) 

25 1.2 × 108 6 × 106 240 150 
40 1.25 × 108 6.5 × 106 200 100 
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Fig. 6. Variation of dynamic rigidity as function of speed and 
axial load (d = 20 mm). 

 

 
 

Fig. 7. Variation of dynamic rigidity as function of speed and 
axial load (d = 20 mm) 

 

 
 

Fig. 8. Variation of dynamic rigidity as function of speed and 
axial load (d = 40mm). 

 

 
 

Fig. 9. Variation of dynamic rigidity as function of speed and 
axial load (d = 40 mm). 

 
Simulations (Figs. 6, 7, 8 and 9) were obtained by 

varying the definition domain of two parameters 
rot/min, 1900015100÷=an 101÷=F  N, corresponding 

to direct measuring results. 
 
 
3.  CONCLUSIONS  
 

Knowing the dynamic rigidity of the system allows us 
to establish the importance of static rigidity in establish-
ing its value and also the parameters on which it depends 
[1, 2, 5]. 

Simulations were realized for working materials such 
as steel and cast iron. 

In both cases it is observed a diminution of the rigid-
ity with the increase of the final load, with a steeper 
slope for smaller diameters. 

Also the dynamic rigidity remains constant or varies 
little with the variation of the main spindle rotation 
speed. 
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