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Abstract: In this paper, the phenomena of hysteretic behaviour of frictional contacts observed during re-
ciprocating experiments are discussed. The hysteretic behaviour is determined theoretically based on the 
expression of hysteresis virgin curve. On the basis of the experimental analysis, an analytical method for 
determining the energy dissipation, equivalent damping and tangential contact stiffness is proposed. For 
all material contacts the same tendencies of the energy dissipation and equivalent damping can be ob-
served which are increasing with load and displacement and, also for the contact stiffness which is in-
creasing with increasing load and weakening with the displacement.  
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1.  INTRODUCTION  1 
 

The study of frictional contact has been the subject of 
scientific research since Coulomb’s hypothesis [1]. Fric-
tional contact appears in various mechanical systems 
commonly found in machine tools applications, including 
gears, slides, bearings, bolted joints and others. 
The most important characteristic of friction which oc-
curs during the process of sliding is the hysteretic effect. 
The hysteretic effect can be perceived as sticking and 
sliding phases being caused by the behaviour of the fric-
tion force which acts as a nonlinear spring before sliding. 
This phenomenon which appears at the microscopic level 
is called pre-sliding displacement with non-local memory 
and results from the tangential contact stiffness between 
contacting bodies [2, 3, 4]. 

The hysteresis characteristic can be perceived in 
many mechanical systems from various applications such 
as civil, mechanical, and electrical. The hysteresis mod-
els can be divided into rate-independent and rate-
dependent models, which in the mechanical engineering 
context are referred to as static and dynamic hysteresis 
[5]. This paper will focus on rate-independent hysteresis 
from mechanical engineering perspective. In studying the 
hysteretic behaviour, several physical or mathematical 
models are available in the literature. The Masing’s rules 
[6] and their generalizations such as from Fan [7], dis-
tributed-element models (DEMs) [8], Pisarenko’s 
method [9], Bouc–Wen model [10], Maxwell Slip model 
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[2, 11], are examples used in the modelling of hysteresis 
in mechanical structures.  

Hysteresis phenomena influence the dynamic behav-
iour of machine tools mechanical structures with moving 
parts, which is not comprehensively examined in the lit-
erature yet. However, in other fields of engineering, 
where the hysteresis phenomena occur, further research 
was conducted [4]. 

In this paper, we propose a simple approach to model 
the hysteretic effects of a frictional contact. An analytical 
description of hysteresis loop has been described on the 
basis of experimental studies. Experimental studies for 
flat on flat frictional contacts were concentrated on the 
pre-sliding zone.  
  
2.  ANALYTICAL DETERMINATION OF THE 

HYSTERESIS 
 

This section presents an analytical computation of 
hysteresis loops behaviour for two bodies moving rela-
tive to each other (see Fig.1). 

In Fig. 2 a typical measured hysteresis loop is shown 
where x = −Am, …, Am is the input (displacement ampli-
tude) and hm is the output, the break-away force or the 
static friction force limit. The expression of the virgin 
curve is given by the exponential equation [12]. 
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Fig. 1. Frictional contact of flat on flat connection. 
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Fig. 2. Typical measured hysteresis loop. 
 

The model parameters, h0 and ac, are used to describe 
and to evaluate the hysteresis behaviour. The first pa-
rameter h0, representing the saturation value of the hys-
teresis loop can be seen as the static friction force limit, 
or the break-away force. The parameter ac represents a 
measure of the curvature of the hysteresis. The parameter 
x0, represents a variable which allows to shift the starting 
point of the hysteresis half towards the origin of the hys-
teresis. Other model equations are also possible [4]. 

Based on the Masing’s rules the hysteresis curves can 
be expressed by using the equations presented in this 
section. If no relative displacement between the two con-
tacting bodies has occurred, such that there is no history 
of motion, and then the friction force follows the virgin 
curve, f(x)  
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where  
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As can be seen in Fig. 2, if the direction of the motion 
changes at x = Am, the friction force becomes: 
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calculated with the formula of h(x) before reversal point 
where displacement amplitude range = −Am to Am  

Substituting the hysteresis curve equation into Eq. (4) 
one obtains Eq. (6) 
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The amount of energy dissipation in one cycle of a 
hysteresis loop can be calculated based on the area it 
encloses. The area of the hysteresis loop is calculated by 
using two methods: in the first method the expression of 
the virgin curve is integrated and in the second method 
the expression of the outer hysteresis loop is integrated.  

 
 

Fig. 3. Schematic representation of hysteresis area. 
 
2.1. The determination of the area by integrating the 

outer hysteresis loop expression  
 

The area enclosed in the loop (see Fig. 3) gives the 
energy dissipation during micro-slip per cycle which can 
be obtained from integration. This integration of the hys-
teresis curve expression gives the area of the upper part 
as: 
 

 ( )dxxhArea
m

m

A

A
∫

−

=1 .                   (7) 

 ( ) mmmc

cc

m AhAa
aa

AhArea −







−+−= exp

11
22 01 . (8) 

 

The area of the upper part of the hysteresis loop, 
above the x-axis, is the same as the area of the lower part 
thus resulting in a total area of the hysteresis loop, which 
is the energy dissipation, as:  
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By replacing Eq. (8) in Eq. (9) gives: 
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2.2. The determination of the area by integrating the 
virgin curve expression 

 

The hysteresis curve (Fig.2) can be converted to the 
virgin curve, based on the Masing’s rules, by dividing 
one half of the curve by 2 in the two dimensions which 
results in the virgin curve (Fig.4). 

The area within the virgin curve loop (Fig. 4) is the 
difference of the integral of the virgin curve expression 
and its linear representation which is the global contact 
stiffness expression (see equations below). 
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where f(x) is the virgin curve expression and y(x) is the 
function described by the following expression 
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Fig. 4. Schematic representation of the virgin curve area. 

 
By rearranging and integrating Eq. (11) one can get to 

Eq. (13). According to the Masing’s rules, the virgin 
curve is extended over both dimensions, which means 
that the area is multiplied by the scaling factor to the 
power two. 
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Based on the Masing’s rules, the resulting friction 

force can be calculated for any input motion trajectory of 
the body. This kind of hysteresis is called “hysteresis 
with non-local memory”, since every velocity reversal 
has to be remembered until an internal loop is closed [4]. 

Therefore, the area of the virgin curve in function of 
the amplitude for any distribution of points in the x and y 
direction can be determined based on the upper equations  
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where Ai = 0, ..., Am. 

The equivalent damping is given by:  
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in which ω is the frequency, ce is equivalent damping and 
Ai is the displacement amplitude. As can be noticed from 
the equivalent damping equation the amount of energy 
dissipation per cycle is not dependent on the velocity, as 
in viscous damping, but is dependent on the amplitude of 
the motion. In the literature, this type of energy dissipa-
tion is called hysteretic damping, solid damping, or struc-
tural damping. Another alternative approach is describing 
functions for determining stiffness and damping given in 
[4]. 

The tangential contact stiffness can have two expres-
sions: the first one is the global contact stiffness (19) is 
the ratio between force and displacement at each instance 
and the second one, the local contact stiffness, is the 
derivation of the virgin curve (18) (see related equations 
below):  

 ( )xaahk ccl ⋅−⋅⋅= exp0 .               (18) 
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3.  EXPERIMENTAL DETERMINATION OF 

HYSTERESIS LOOPS 
 

Experimental investigation is performed in order to 
determine the characteristics of the frictional contact. 
The measurements are performed on a previously devel-
oped tribometer [12] with some minor adjustments. Tri-
bometers can be used for investigating rolling or sliding 
friction in dry or lubricated contacts. In this paper, the 
used tribometer is for sliding friction in dry conditions. 
 Three material pairs are used for the experiments: 
• Aluminium on aluminium (Aluminium Alloy 6082); 
• Plastic on plastic (TECAVINYL PVC, grey); 
• Steel on steel (St 1.1730). 

Many experiments were performed for different nor-
mal load cases and for different amplitudes, in order to 
determine the evolution of the frictional force in function 
of the normal load, the contact stiffness and equivalent 
damping. The experiments were restricted to the pre-
sliding regime.  
 
3.1. Experimental results for aluminium on           

aluminium 
 

The experimentally determined hysteresis loop and its 
fit for one material contact pair (Aluminum on Alumi-
num) and for one normal load, W = 109 N, at the fre-
quency, f = 1 Hz is shown in Fig. 5. The hysteresis 
curves are fitted using Eq. (1). 

The friction force in function of the relative dis-
placements, or the hysteresis loops, determined experi-
mentally were averaged over the periods in order to 
eliminate noise and random behaviour effects.  
 The area of the hysteresis loop is calculated by using 
two methods: in the first method, the expression of the 
virgin curve is integrated and in the second method the 
expression of the outer hysteresis loop is integrated (see 
related equations below). In Fig. 6 the area as function of 
normal load and displacement is presented. The equiva-
lent damping ω⋅ec  plotted in function of the normal 

load and displacement is showed in Fig. 7. 
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Fig. 5. Hysteresis in pre-sliding:Aluminum on aluminum,        
W = 109 N, f = 1 Hz. 
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In Figs. 8 and Fig. 9 the global contact stiffness and, 
respectively the local contact stiffness are presented, 
which were determined based on the Eq. 18 and, respec-
tively Eq. 19 .  

One can notice an increase of contact stiffness with 
the increasing load and a decrease with the increasing 
displacement amplitude.  
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Fig. 6. The area of the hysteresis for all loads. 
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Fig. 7. Equivalent damping in function of normal load and dis-
placement. 
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Fig. 8. Global stiffness as function of normal load  
and displacement. 
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Fig. 9. Local stiffness as function of normal load  
and displacement. 

 
3.2. Experimental results for PVC on PVC 
 

The results of the experiments for PVC are presented 
in this section. In Fig. 11 the hysteresis loops area for 
PVC contacting materials in function of normal load and 
displacement is presented which has the same increasing 
trend as in the previous material. Fig. 12 presents the 
equivalent damping in function of the normal load and 
displacement. The equivalent damping, defined by Eq. 
(17), is increasing with the load and decreasing with the 
displacement amplitude. 
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Fig. 11. Area in function of the normal load and displacement. 
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Fig. 12. Equivalent damping in function of normal load and 
displacement. 
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Fig. 13. Local stiffness in function of normal load and dis-
placement. 
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Fig. 14. Global stiffness in function of normal load and dis-
placement. 

 
In Figs. 13 and Fig. 14 the local contact stiffness and 

global contact stiffness are shown. Also, for this material 
contact, the tangential contact stiffness is increasing with 
load and weakening with displacement amplitude. 
 
3.3. Experimental results for steel on steel 
 

The experimental results for steel on steel prove that 
the system is not powerful enough to perform the friction 
identification in pre-sliding regime as function of the 
load conditions. Due to the limitation in the power of the 
actuator only a small portion of the hysteresis could be 
identified which is almost behaving as a pure stiffness 
and hardly any damping is perceived for this amplitude 
of motion. The highest damping is observed at the lowest 
load.  

In Fig. 15, the fit of hysteresis data of the two bodies 
and the relative displacement of them are plotted for one 
normal load W =75 N. It can be seen that for higher loads 
there is not hysteresis loop due to the stiffness in the con-
tact which is increasing with the normal load. 

In Fig. 16 the area enclosed in the hysteresis loop for 
Steel in function of normal load and displacement is pre-

sented. The area is increasing with the normal load and 
displacement. 

Fig. 17 shows the equivalent damping for all loads in 
function of normal load and displacement. Due to a 
higher pre-sliding distance, the equivalent damping has 
almost the same value as for the other two contacting 
materials. 

The local contact stiffness is shown in Fig. 18. The 
contact stiffness has the same increasing trend with load 
as for the two contacting materials investigated in this 
paper. 
 

 
Fig. 15. Fitted hysteresis data: W = 75 N, f = 1 Hz. 
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Fig. 16. Area in function of the normal load and displacement. 
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Fig. 17. Equivalent damping in function of normal load and 
displacement. 
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Fig. 18. Local stiffness in function of normal load and dis-
placement. 

 
4. CONCLUSIONS 

 

This paper has considered an existing friction model 
for the analytical computation of tangential contact stiff-
ness and equivalent damping based on the experimental 
measurements of three different contact material pairs in 
a flat on flat frictional dry contact. For this type of con-
figuration, the friction force in function of the displace-
ment and normal load was investigated. A typical hys-
teresis behaviour was observed which is material, normal 
load and displacement amplitude dependent.  

Two analytical approaches for determining the energy 
dissipation of hysteresis loops are proposed both of them 
agree and lead to the same results. The contact stiffness 
and equivalent contact damping are determined from the 
virgin curve expression. For all material contacts the con-
tact stiffness is increasing with the load and weakening 
with the displacement. The equivalent damping shows an 
increasing trend with the normal load and is also increas-
ing at lower amplitude displacement but decreasing at 
higher amplitude displacement. 
 As future work, a theoretical model of the tangential 
and normal contact stiffness of flat on flat frictional con-
tacts will be developed based on the experimental inves-
tigation. 
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