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Abstract: In this paper, the algorithms used to improve the representation by poles precision in the case 
of profiles from whirls of surfaces generated by rolling are adapted and used to profile tools associated 
to circular centrods: the pinion cutter and the rotating cutter to generate worm’s axial sections. Numeri-
cal examples of applying the improved representation algorithms in some concrete cases are also pre-
sented and commented. 
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1. INTRODUCTION 
 

Algorithms conceived to improve profiles representa-
tion by poles precision in the case of generating by using 
rack-tools and their application were already presented 
[6]. 

We shall further analyze the specific problems con-
cerning approximation precision when representing by 
poles the enwrapped of profiles associated to a couple of 
rolling centrods, if pinion-cutters or rotating cutters are 
used to generate. 

Similar, the problem of finding the degree of poly-
nomial function to approximate by poles the enwrapping 
curves requires to be solved when profiling tools generat-
ing by rolling, associated to circular centrods, the cases 
of pinion cutter and rotating cutter, specific algorithms 
being established [5, 6]. 

Based on general laws used to study enwrapped sur-
faces [1], when expressing enwrapping curves by poles 
[2], numeric applications were developed using the sug-
gested algorithms [5, 6] to profile tools as the pinion cut-
ter or the rotating cutter. 

 
2.  THE CASE OF GENERATING BY USING A 

PINION CUTTER 
 

In the case of generating by using pinion-cutter type 
of tools, Fig. 1, the following reference systems must be 
considered: 

• xyz, as a global system, having the rotation axis co-
incident to the axis of the profile to be generated (Σ) 
centrod (C1); 

• x0y0z0 - global system, having the same rotation axis 
as the pinion-cutter (C2); 

• XYZ - relative system, joint to C1 centrod; 
• ξηζ - relative system, joint to the pinion-cutter. 
Generating process kinematics, outgoing from the 

two circular centrods rolling motion, according to condi-
tion R 
 

 21 ϕ⋅=ϕ⋅ rsrp RR , (1) 

 
is described through the following relative motions: 

 ( ) ( )[ ]AXT −⋅ϕωϕ−ω=ξ 1323 , (2) 
 
with   
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and its reversed 
 

 ( ) ( )[ ]AX T +ξ⋅ϕ−ωϕω= 2313 ,  (4) 
 
as representing the relative motions between the spaces 
associated to the two rolling centrods. 

To a certain profile, Σ, represented in polar form as 
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Fig.1. Pinion-cutter generating scheme. 
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with λ – variable parameter, from relation (2) the family 
of profiles results in the shape: 
 

 ( ) ( ) ( )
( ) ( ) ,sincossin

;cossincos

212
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ϕ−ϕλ+ϕλ=η
ϕ+ϕλ−ϕλ=ξ

Σ ϕ APP

APP
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where 21 ϕ+ϕ=ϕ ,  
2

1

ϕ
ϕ

=i  and  rsrp RRA +=12 . (7) 

 
Usually i (meaning the transmission ratio) is a con-

stant. The enwrapped of (Σ)φ profiles family, (6), results 
by associating to these equations the enveloping condi-
tion written by using Perpendiculars Method (Willis) [1, 
3] which, by considering anterior notations, the definition 
of the normal to Σ surface, referred to XYZ system, 

 

 ( )[ ] ( )[ ] 0: '' =λ−+λ− λλΣ YYXX PPYPPXN  (8) 

 
and also the equations of C1 centrod 
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from the condition of intersection between the two 
curves, NΣ and C1, results as 
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Finally, by varying φ, pinion-cutter profile results as 

reciprocal enwrapped to Σ profile, numerically expressed 
through a matrix like 
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When the two circular centrods are interior tangent, 

the equations (6) should be modified as it follows: 
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with  
 
 A12 = Rrp – Rrs. (13) 
 
3. THE CASE OF GENERATING BY USING A 

ROTATING CUTTER 
 

Similar to those above presented, in the case of gen-
erating with rotating cutter process (tools to generate by 
enwrapping axial sections of helical surfaces), see also 
Fig. 2, the following definitions must be considered: 

• C1 is a rectilinear centrod, attached to Σ axial profile 
of helical surface to be generated; 

• C2 – circular centrod, attached to the rotating cutter; 
• xyz – global system, having Oz axis overlaid to ro-

tating cutter rotation axis; 

 
 

Fig.2. Rotating cutter generating scheme. 
 
 

 
- XYZ and ξηζ – relative systems, attached to the two 

rolling centrods, during their motions. 
In the rolling process between the two centrods, the fol-
lowing relative motions can be expressed: 
 

 ( )[ ]aX +ϕω=ξ 3  (14) 
 
and its reverse 
 

 ( ) aX T −ξ⋅ϕω= 3  (15) 
 
where  
 

 
ϕ⋅−

−
=

rs

rs

R

R
a , (16) 

 
with Rrs meaning rotating cutter centrod radius. 

If the axial profile of helical surface to be generated is 
given by a relation of (5) type, the family of profiles can 
be found, referred to ξηζ system, as: 
 

( ) ( )[ ] ( )[ ]
( )[ ] ( )[ ] .cossin

;sincos

ϕϕ⋅−λ+ϕ−λ−=η
ϕϕ⋅−λ+ϕ−λ=ξ

Σ ϕ
rsYrsX

rsYrsX

RPRP
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The enveloping condition associated to the family of 

profiles (17), specific to “Minimum Distance Method” 
[4] is 

 

( )[ ] ( )[ ] 0sin,cos, '' =η⋅ϕ−ϕλη+ξ⋅ϕ+ϕλξ λλ rsrs RR , (18) 
 
where ξ(λ, φ) and η(λ, φ) have the significance from rela-
tion (17). 

Finally, by varying the parameter remaining in (17) 
after using (18), rotating cutter profile results expressed 
through a matrix similar to the one shown by (11). 
 
 
 
 
 
 
 

4.  NUMERICAL APPLICATIONS 
 

To observe the effect of approximation polynomial 
function degree increasing, second, third and fourth de-
gree polynomial functions were successively used to ap-
proximate the same pinion-cutter theoretical profile, re-
spective the same rotating cutter theoretical profile. 
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4.1. Pinion-Cutter Profile Approximation 
In this paragraph, the case of an interior triangular 

profile, generated by using a pinion cutter is exemplified 
(Fig. 3). By using profile symmetry, only one of two pro-
file flanks was considered. 
 
 
 

Table 1 
Pinion-Cutter Profiles (2nd Degree Approx. Function) 

 

 

Theoretical Profile 
 

 

Approximated Profile 

ξ [mm] η [mm] ξ [mm] η [mm] 
-40.6672 -4.5286 -40.6672 -4.5286 
-40.8113 -4.4753 -40.8102 -4.4779 
-40.9559 -4.4214 -40.9536 -4.4264 
-41.1009 -4.3669 -41.0975 -4.3740 
-41.2463 -4.3116 -41.2417 -4.3208 
-41.3918 -4.2559 -41.3864 -4.2667 
-41.5377 -4.1995 -41.5315 -4.2118 
-41.6837 -4.1426 -41.6771 -4.1561 
-41.8305 -4.0848 -41.8231 -4.0995 
-41.9774 -4.0266 -41.9695 -4.0421 
-42.1243 -3.9677 -42.1163 -3.9838 
-42.2717 -3.9082 -42.2635 -9.9247 

… … … … 
-50.0000 0.0000 -50.0000 0.0000 

 
 
 

Table 2 
Pinion-Cutter Profiles (3rd Degree Approx. Function) 

 

 

Theoretical Profile 
 

 

Approximated Profile 

ξ [mm] η [mm] ξ [mm] η [mm] 
-40.6672 -4.5286 -40.6672 -4.5286 
-40.8113 -4.4753 -40.8117 -4.4749 
-40.9559 -4.4214 -40.9565 -4.4206 
-41.1009 -4.3669 -41.1016 -4.3658 
-41.2463 -4.3116 -41.2469 -4.3105 
-41.3918 -4.2559 -41.3925 -4.2546 
-41.5377 -4.1995 -41.5384 -4.1981 
-41.6837 -4.1426 -41.6846 -4.1411 
-41.8305 -4.0848 -41.8312 -4.0834 
-41.9774 -4.0266 -41.9780 -4.0252 
-42.1243 -3.9677 -42.1251 -3.9663 
-42.2717 -3.9082 -42.2725 -3.9068 

… … … … 
-50.0000 0.0000 -50.0000 0.0000 

 

 
 

 
 
 
 
 
 
 
 
 
 
 

Fig.3. Pinion-Cutter Profile. 

Table 3 
Pinion-Cutter Profiles (4th Degree Approx. Function) 

 

 

Theoretical Profile 
 

 

Approximated Profile 

ξ [mm] η [mm] ξ [mm] η [mm] 
-40.6672 -4.5286 -40.6672 -4.5286 
-40.8113 -4.4753 -40.8114 -4.4753 
-40.9559 -4.4214 -40.9560 -4.4215 
-41.1009 -4.3669 -41.1009 -4.3670 
-41.2463 -4.3116 -41.2461 -4.3119 
-41.3918 -4.2559 -41.3916 -4.2561 
-41.5377 -4.1995 -41.5375 -4.1997 
-41.6837 -4.1426 -41.6837 -4.1427 
-41.8305 -4.0848 -41.8302 -4.0851 
-41.9774 -4.0266 -41.9770 -4.0268 
-42.1243 -3.9677 -42.1242 -3.9678 
-42.2717 -3.9082 -42.2717 -3.9083 

… … … … 
-50.0000 0.0000 -50.0000 0.0000 
 
The input data, used to run this application, concern-

ing a pinion cutter profiling, were:  
• the coordinates of straight line segment AB end-

points, giving the profile to be generated, XA = −100 mm; 
YA = 0; XB = −89.78 mm; YB = −6.28 mm;  

• segment AB inclination angle, referred to horizontal 

direction, °= 60Â ;  
• worked piece’s rolling radius, Rrp = 100 mm;  
• i = 2 − transmission ratio, see (7).  
The results obtained by using a second, third and 

fourth degree polynomial approximation function are 
shown through points coordinates, respectively, in Tables 
1, 2 and 3, near the theoretical profile points coordinates, 
to realize a better comparison. 
 
4.2. Rotating Cutter Profile Approximation 

The example considered is concerning a rotating cut-
ter used to generate a worm with trapezoidal axial section 
(see Fig. 4). Worm profile height, in axial section, is 10 
mm, while its inclination angle is 20°; tool rolling radius 
Rrs = 37 mm. 

The results obtained by using a second, third and 
fourth degree polynomial approximation function are 
shown through points co-ordinates, respective, in Tables 
4, 5 and 6, near the theoretical profile points co-
ordinates, to easier observe the differences between 
them. 

 
 

 

 
 

Fig.4. Rotating Cutter Profile. 
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Table 4 
Rotating Cutter Profiles (2nd Degree Approx. Function) 

 

 

Theoretical Profile 
 

 

Approximated Profile 

ξ [mm] η [mm] ξ [mm] η [mm] 
-43.4542 4.1354 -43.4542 4.1354 
-43.1992 3.9037 -43.1708 3.9393 
-42.9457 3.6794 -42.8921 3.7472 
-42.6938 3.4623 -42.6181 3.5591 
-42.4437 3.2525 -42.3489 3.3751 
-42.1956 3.0498 -42.0843 3.1950 
-41.9495 2.8541 -41.8244 3.0190 
-41.7056 2.6654 -41.5693 2.8470 
-41.4640 2.4835 -41.3189 2.6790 
-41.2250 2.3084 -41.0731 2.5150 
-40.9886 2.1400 -40.8321 2.3551 
-40.7549 1.9781 -40.5958 2.1992 

… … … … 
-34.7822 -0.5188 -34.7822 -0.5188 
 
 
 

Table 5 
Rotating Cutter Profiles (3rd Degree Approx. Function) 

 

 

Theoretical Profile 
 

 

Approximated Profile 

ξ [mm] η [mm] ξ [mm] η [mm] 
-43.4542 4.1354 -43.4542 4.1354 
-43.1992 3.9037 -43.1944 3.9006 
-42.9457 3.6794 -42.9370 3.6738 
-42.6938 3.4623 -42.6819 3.4548 
-42.4437 3.2525 -42.4295 3.2435 
-42.1956 3.0498 -42.1796 3.0398 
-41.9495 2.8541 -41.9323 2.8435 
-41.7056 2.6654 -41.6879 2.6545 
-41.4640 2.4835 -41.4462 2.4726 
-41.2250 2.3084 -41.2075 2.2978 
-40.9886 2.1400 -40.9718 2.1299 

… … … … 
-34.7822 -0.5188 -34.7822 -0.5188 

 
 

 
Table 6 

Rotating Cutter Profiles (4th Degree Approx. Function) 
 

 

Theoretical Profile 
 

 

Approximated Profile 

ξ [mm] η [mm] ξ [mm] η [mm] 
-43.4542 4.1354 -43.4542 4.1354 
-43.1992 3.9037 -43.1994 3.9033 
-42.9457 3.6794 -42.9461 3.6786 
-42.6938 3.4623 -42.6943 3.4614 
-42.4437 3.2525 -42.4443 3.2514 
-42.1956 3.0498 -42.1962 3.0487 
-41.9495 2.8541 -41.9500 2.8530 
-41.7056 2.6654 -41.7061 2.6643 
-41.4640 2.4835 -41.4646 2.4826 
-41.2250 2.3084 -41.2254 2.3076 
-40.9886 2.1400 -40.9890 2.1393 
-40.7549 1.9781 -40.7552 1.9775 

… … … … 
-34.7822 -0.5188 -34.7822 -0.5188 

 
 
 
 
 

 
5. CONCLUSIONS 
 

By thoroughly examining the numerical results as 
they are presented in upper tables, the following g con-
clusions can be drawn: 

• In the case of the pinion-cutter used to generate an 
internal triangular profile, the maximum error which ap-
pears when approximating the theoretical profile, ex-
pressed by poles, through a second degree polynomial 
function is about 1·10-2 mm. If a third degree polynomial 
function is used to realize the approximation, the maxi-
mum error decreases at about 1·10-3 mm, while a fourth 
degree polynomial approximation function leads to a 
maximum error comparable to 1·10-4 mm. 

• In the case of the rotating cutter used to generate a 
worm with trapezoidal axial section, when the theoretical 
profile expressed by poles is approximated by a second 
degree polynomial function, the maximum error is about 
1·10-1 mm. If approximation function degree is increased 
at 3 or 4, the maximum error resulted is about 1·10-2 mm, 
respective 10-3 mm. 

• The approximation errors are proportional to the 
length of substituted profile. 

• By considering the maximum errors acceptable 
from technical point of view, we don’t need every time a 
superior degree approximation function; sometimes a 
second degree function is good enough and its applica-
tion has the advantage of simplicity. We can also con-
clude that in almost all practical situations encountered, a 
third degree approximation function offers very good 
results. 

 
REFERENCES 
 

[1]  Litvin, F. L. (1989). Theory of Gearing. NASA, Reference 
Publication, Washington DC, 1989. 

[2]  Favrolles, J. P. (1998). Les surfaces complexes (The com-
plex surfaces), Hermes.  

[3]  Oancea, N. (2004). Generarea suprefeţelor prin 
înfăşurare, Vol. I – Teoreme fundamentale (Surface gen-
eration by wrapping, Vol. I – Fundamental theorems), Ed-
it. Fundaţiei universitare “Dunărea de Jos”, Galaţi. 

[4]  Oancea, N. (2004). Generarea suprefeţelor prin 
înfăşurare, Vol.1I – Teoreme complementare (Surface 
generation by enveloping, Vol. II - Complementary theo-
rems), Edit. Fundaţiei universitare “Dunărea de Jos”, Ga-
laţi. 

[5]  Oancea, N., Frumuşanu, G., Dura, G. (2006). Algorithms 
for Representation by Poles as a Way to Approximate 
Wrapping Curves of Profiles Associated to Rolling 
Centrods. Proceedings of International Conference on 
Manufacturing Systems, ICMaS 2006, Edit. Academiei 
Romane, Bucharest, 2006, pp.319-322, ISBN 1842-3183. 

[6]  Frumuşanu, G., Oancea, N., Dura, G. (2006). Applications 
of Representation by Poles as a Way to Approximate 
Wrapping Curves of Profiles Associated to Rolling 
Centrods. Proceedings of International Conference on 
Manufacturing Systems, ICMaS 2006, Edit. Academiei 
Române, pp. 303-306, Bucharest. 

 
 
 
 

Authors:  
 

Dr. Eng., Nicolae OANCEA, Prof., University “Dunărea 
de Jos” of Galaţi, Manufacturing Engineering 
Department., E-mail: nicolae.oancea@ugal.ro 
Dr. Eng., Gabriel FRUMUŞANU, Prof., University 
“Dunărea de Jos” of Galaţi, Manufacturing Engineering 
Department, E-mail: gabriel.frumusanu@ugal.ro 
Drd. Eng., Gabriel DURA, University “Dunărea de Jos” 



133 

 

of Galaţi, Manufacturing Engineering Dept., E-mail: 
gabriel.dura@ugal.ro 


