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Abstract: High speeds and accuracy of robotic manipulators are current requirements to obtain im-
proved performances of industrial robots. However, higher speeds and accuracy are greatly influenced 
by elastic behavior of mechanical structure of industrial robots. For this purpose an original approach 
on gantry robots volumetric accuracy evaluation and P-joints elastic behavior specific influence on IR’s 
volumetric accuracy quantifying method have been developed. Following up these issues the paper suc-
cessively presents in two parts: the original mathematic modeling for gantry IR’s overall elastic behavior 
and specific algorithm / quantifying method of P joints elastic displacements influence on IR’s volumetric 
accuracy (both of them generally valid for any kind of gantry robot and P-joint specific internal design), 
specific performances of an usual model of Güdel gantry robot type and respectively it’s virtual prototype 
already developed by authors for performing specific applied calculus related to this robot’s P joints / 
overall elastic behavior modeling, the mathematic model of overall gravitational and inertial load distri-
bution, specific mathematic algorithm for loading behavior evaluation related to robot’s P-joints partial-
ly assemblies and each included cam following guiding components. 
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1. INTRODUCTION 1 
 

 In this paper the authors propose an analytical model 
for gantry robot’s volumetric accuracy evaluation based 
on elastic displacements of joints. To properly define the 
virtual model for robot’s overall FEM analysis was ne-
cessary to determine first the stiffness of the robot’s 
translational joints including cam-followers components. 
For this purpose using the mathematical model, devel-
oped by Nicolescu et al. (2010), the overall loading of 
the Gantry robot has been reduced to corresponding axial 
and radial direction for each cam-follower, the specific 
loads on each cam-follower being determined in accor-
dance with specific design for each translational joint. To 
express the displacements in radial and axial direction of 
ball bearings, the authors have used the mathematical 
background presented by De Tedric et al, (2007) in 
which the elastic displacements are expressed as δa (ball 
bearing axial displacement) and δr (ball bearing radial 
displacement). By using FEM analysis, the elastic beha-
vior of the gantry robot structure subjected to static load 
was analyzed and errors induced by structural elements 
elastic displacements were revealed. By studying results 
obtained by using numerical applications developed by 
authors, several possible design alternatives, the opti-
mum design solution having the highest stiffness for 
robot’s structural elements can be identified.  
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2. 1. Calculation model for determining the end-
effecter’s positioning error matrix 
 

 Positioning errors are the sum effects of elastic 
movements of joints, structural elements and kinematic 
chains, but the biggest share is considered to have the 
elastic displacements of joints guiding elements. Thus, 
further, it will be presented the full mathematical model 
corresponding to the Gudel Fp4 gantry robot. 
 According to Denavit-Hartenberg algorithm, the total 
transformation matrix for Gantry robot positioning sys-
tem (Figs.1 and 2) is: 
 
 

 

 
 

Fig. 1. Kinematics scheme for a Gantry robot. 
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a                                                
 

Fig. 2. Translation joint general model with fixed 
Z axis and mobile reference system; b − 

 
 The mathematical model, according to 
Hartenberg algorithm, can be written as follows:
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 The matrix expression written above is valid for an 
ideal robot, but to have a form that respects the reality, 
is necessary to take into account the errors that exist as a 
result of elastic displacements. 
 Taking into account the effect of errors for each 
prismatic joint, we can write: 
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D factors represent the errors given by 

elastic displacements in structural components and 
metric errors, so knowing that errors given by elastic 
displacements in guiding systems have the biggest infl
ence (70 %), the last two factors named will be omitt
in following calculation, so according to what have been 
just said, the mathematical model corresponding to a real 
robot is:  
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 Where TI … TVII  are depending to each type of robot 
architecture, for Gantry robot presentenced
being as it follows 
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                                                b 

Translation joint general model with fixed frame: a − for 
for X and Y axis. 

The mathematical model, according to Denavit-
algorithm, can be written as follows: 
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The matrix expression written above is valid for an 
ideal robot, but to have a form that respects the reality, it 
is necessary to take into account the errors that exist as a 

Taking into account the effect of errors for each 
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displacements in guiding systems have the biggest influ-
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D matrix is: 
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to consider particular effects introduced by roll, pitch, 
yaw angular elastic displacements and respectively 
linear elastic displacements of every P
rotational matrices and a single (4
lation matrix of errors has been included in the math
matical model to permit homogenous transformation 
between the coordinate system att
deflected) and respectively “real” (deflected) P
(Fig. 3 and Table 1). Where the mathematical expression 
factors are as it can be seen bellow [1
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to consider particular effects introduced by roll, pitch, 
yaw angular elastic displacements and respectively x, y, z 
linear elastic displacements of every P-joint, three (4 × 4) 
rotational matrices and a single (4 × 4) cumulative trans-
lation matrix of errors has been included in the mathe-
matical model to permit homogenous transformation 
between the coordinate system attached to “ideal” (un-
deflected) and respectively “real” (deflected) P-joint 

. Where the mathematical expression 
factors are as it can be seen bellow [1, 3, and 6]: 
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Fig. 3. General deformed/un-deformed model for a P
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 Elastic deformations occur preferentially in bearings, 
thus determining the elastic deformation of the joints is 
necessary to know the elastic displacements of the ball 
bearings on the radial and axial directions. Bearings 
elastic deformations can be determined by using specific 
developed numerical models (Chapter 6) 
 
3. MAIN FEATURES OF STUDIED ROBOT
 

 Gantry robots, the FP range offered by Güdel (
can successfully be integrated on any robotic 
being able to integrate in applications as machine buil
ing, industry applications, pharmaceutical or food indu
try. Also performs positioning accuracy and great speed 
despite the large volume of work Motor drive is only 
electric, moving the axles being carried by a pinion
type gear. Modular design allows the robot to adapt to 
any application, assembling it being made quickly and 
easy. The modules have a special construction that a
lows obtaining a high stiffness at the same time avoiding 
getting heavy and oversized structures. The need to 
communicate and interact with the application systems, 
near the robot, is a very important aspect, so the interest 
is that the robot, which will be selected for integration 
into the application, to have a controller that can easily 
interface with peripheral systems, but which, at the same 
time, offers the possibility to be easily programmed, the 
user interface is necessary to be more friendly to be used 
by a less experienced programmer. Controller that Güd
uses for its FP range robots is KUKA KM C2G; it meets 
all the requirements listed above [5]. 

Virtual prototype derived from Fig.
part of a research contract and discussions of second part 
of the paper will use data obtained from studyin
behavior of the prototype structure to static loads.

i αxi αyi αzi txi tyi 
1 α31 α21 α51 α61 α41 
2 α52 α32 α22 α12 α62 
3 α53 α23 α33 α13 α43-L05+S2+L06 
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deformed model for a P-joint. 

Table 1 

 (14) 

Elastic deformations occur preferentially in bearings, 
thus determining the elastic deformation of the joints is 
necessary to know the elastic displacements of the ball 
bearings on the radial and axial directions. Bearings 
elastic deformations can be determined by using specific 

Chapter 6) [1, 5, and 6]. 

MAIN FEATURES OF STUDIED ROBOT   

Gantry robots, the FP range offered by Güdel (Fig. 4), 
can successfully be integrated on any robotic application, 
being able to integrate in applications as machine build-
ing, industry applications, pharmaceutical or food indus-
try. Also performs positioning accuracy and great speed 
despite the large volume of work Motor drive is only 

xles being carried by a pinion-rack 
type gear. Modular design allows the robot to adapt to 
any application, assembling it being made quickly and 
easy. The modules have a special construction that al-
lows obtaining a high stiffness at the same time avoiding 
getting heavy and oversized structures. The need to 
communicate and interact with the application systems, 
near the robot, is a very important aspect, so the interest 
is that the robot, which will be selected for integration 

controller that can easily 
interface with peripheral systems, but which, at the same 

y to be easily programmed, the 
ser interface is necessary to be more friendly to be used 

by a less experienced programmer. Controller that Güdel 
uses for its FP range robots is KUKA KM C2G; it meets 

Fig. 4 was created as 
part of a research contract and discussions of second part 
of the paper will use data obtained from studying the 
behavior of the prototype structure to static loads. 

 
Fig. 4. Fp4 Gudel gantry robot: Gudel gantry robot Virtual 

Prototype [2, 
 

 In the following rows are given the technical chara
teristics of the robot described above:
• Payload: 1000 [N]; 
• Stroke on X axis : 5 000 [mm]
• Stroke on Y axis: 2 000 [mm]
• Stroke on Z axis: 1 500 [mm]
• X and Y axis speed: 1 12.5 [m/min]
• Z axis speed: 67.5 [m/min]
• X axis acceleration: 1.5 [m/min²]
• Y axis acceleration: 4 [m/min²]
• Z axis acceleration: 2.5 [m/
• Repeatability: ≤ 0.05 [mm] [2]
 
3.1.  Construction of Güdel Fp4 robot P
 

 In Fig. 5 the technical solutions 
construction of the P-joints used on its robots
presented: 
 In the second paper part is intended to 
loads on each element of the guidance; this is the first 
step in finding the elastic displacements of the guiding 
elements. To guide translation couplings, Güdel, using 
rollers, how to mount them, depends mainly by the robot 
payload, the higher it is, the rollers mounting scheme 
should provide an increased stiffness. In 
ers mounting solution, is quite simple, that is because of 
the relative small payload of the studied robot. So kno
ing the mounting solution for the track rolle
ceed to calculate the forces on each roller

 

 

 
Fig. 5. Virtual prototype for Güdel X, Y and Z P
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Fp4 Gudel gantry robot: Gudel gantry robot Virtual 
 4, and 5]. 

In the following rows are given the technical charac-
teristics of the robot described above: 

000 [mm]; 
000 [mm]; 
500 [mm]; 

12.5 [m/min]; 
Z axis speed: 67.5 [m/min]; 
X axis acceleration: 1.5 [m/min²]; 
Y axis acceleration: 4 [m/min²]; 
Z axis acceleration: 2.5 [m/min²]; 

0.05 [mm] [2]. 

Construction of Güdel Fp4 robot P-joints 

the technical solutions adopted by Güdel for 
joints used on its robots are 

In the second paper part is intended to determine the 
loads on each element of the guidance; this is the first 
step in finding the elastic displacements of the guiding 

o guide translation couplings, Güdel, using 
rollers, how to mount them, depends mainly by the robot 

er it is, the rollers mounting scheme 
should provide an increased stiffness. In Fig. 5, the roll-
ers mounting solution, is quite simple, that is because of 
the relative small payload of the studied robot. So know-
ing the mounting solution for the track rollers, can pro-
ceed to calculate the forces on each roller [5]. 

 

 

irtual prototype for Güdel X, Y and Z P-joints.  
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a                                            b 

 
Fig. 6. a − Kinematic scheme for studied gantry type IR; 

b − centers of gravity position for each P-joints. 
 
4.  OVERALL SYSTEM LOADING EVALUATION 
 

 Forces acting on the guiding elements are the result 
of inertial effects, unbalanced gravity centers and force 
of gravity. Kinematics scheme in Fig. 6a is consistent 
with the actual dimensions of the robot and respects the 
conventions of Hartenberg-Denavit algorithm, moreover, 
one other important aspect for determining loads on 
joints, is to calculate the position of center of gravity of 
the P-joints (Fig. 6b), for their determination were used 
CATIA V5 functions [7]. 
 
4.1. Equations to determine loads on the guidance 

system for Z axis 
 To determine the loading value is first necessary to 
determine the inertial forces. Equations and values of the 
centers of gravity, inertial forces Gi where determined 
using the mathematical model presented in former paper 
of the authors [6]. 
 Thus, loads are determined in the kinematic coupl-
ings, we can proceed to determine the forces on each 
guidance element and then evaluating the elastic dis-
placements and their influence on gantry robot volume-
tric accuracy [1]. 
 In Fig. 7 are given resulting loads on each cam fol-
lower in hand. It is clear that loading resulting in Z axis 
will be supported by corresponding actuator of this axis, 
since the displacement is along the Z axis. Loads results 
in the Y axis are taken over by the roller on the radial 
direction and the resulting loads along the X axis are 
taken in the direction of roller axial. 

 

 
 

Fig. 7. Distribution of forces for Z P-joint. 

 
 

Fig. 8. Distribution of forces for Y P-joint. 

 
 In Fig. 8 the distribution of forces on each axis of 
coordinate corresponding to robot Y axis is observed. 
Forces generated by the moments Mz and My result on 
the direction of axes of reference, making it different 
when force generated by Mz, it is distributed on the guid-
ance rollers radial direction that corresponds to the as-
sembly moving direction. 

 

  ����� ≔ ∑ ��	
�  .  (15)  
 

  ���� ≔ ����� ∙ cos (�).  (16) 
 

 ����� ≔ ∑ ��	
� .  (17) 
 

 ����� ≔ ∑ ��	
�  .  (18) 
 

  ����� ≔ ����, (19)  
 

 ���� ≔ ����� + �����. (20) 
 

  Fr!" ≔ ∑ !#$%& .  (21) 
  
 Fz!"% ≔ Fr!" ∙ cos (φ).  (22) 
 

 Fr!)% ≔ ∑ !*$
+ .  (23) 
 

  Fr!,% ≔ ∑ !-$
.  .(24) 

  

   F/.0% ≔ Fz!"% + ∑ 1-$% .  (25) 

 
Additional to forces generated by the overturning 

moments, on the radial direction of the guiding rollers, 
came, the forces of gravity acting proper axis Y. 

 

 ���% ≔ ����% + ����%.  (26) 

 Similar to Z and Y axes are used for construction of 
the X axis (Fig. 9), using the same, also maximum dy-
namic carrying capacity of maximum remains un-
changed. Note in Fig. 5 the distribution of the force, 
generated by the moment My along the coordinate axes 
and the loads generated by the moments Mx and My 
respectively resulting in axial direction of guide rollers 
[1]. 
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Fig. 9. Distribution of forces for X P-joint. 
 

 
 

Fig. 10. Loads distribution o on an cam-follower. 
 

 ����2 ≔ ∑ ��3��  ,  (27) 
 

 �4��2 ≔ ����2 ∙ sin (β) ,  (28) 
 

 ����2 ≔ ∑ ��3
� ,  (29) 
 

 �����2 ≔ ∑ ��3
�  , (30) 
 

  ����2 ≔ �4��2 + ∑ 7�3
  ,  (31) 
  
  ��� ≔ ����2 + ����2.   (32) 
 
 In the first part of the work loads for each translation 
joint were determined, next the elastic displacements on 
each cam follower will be determined. The loads on 
guidance elements are being defined as an axial load plus 
a radial load as shown in the following Fig. 10. 
 The cam follower elastic deflection are basically the 
radial and axial deflections from the bearing inside of it, 
so, the forces on each guide roller being known and the 
mathematical model for the particular gantry robot, taken 
as example in this paper, being as well known, it remains 
only to edify the radial and axial deflection on bearings 
as it can be seen in the section 6. 
 
5.  ANALITICAL MODEL FOR ROBOT P-JOINTS 

TOTAL DEFLECTION 
 

 The influence of IR’s joints and links elastic behavior 
on IR’s volumetric accuracy can be expressed by a total 
error matrix [ε]: 

 [ε] = <=>�?�@ − <(
,C)DE  .  (32) 
 
 The ∆i

J term can be expressed as follows: 
 

 F∆HIJ = KL� M� N� O�L� M� N� O�L� M� N� O�0 0 0 1 R , (33) 

 
where 
 L� = cos NS cos N% , (34) 
 
 L� = sin(N�) sin(NS) cos(N%) + coT(N�) sin(N%),(35) 
 
 U� = − cos(N�) sin(NS) cos(N%) + sin(N�) sin(N%), (36) 
 
 M� = sin(NS),  (37) 
 
 M� = − sin(N�) cos(NS) , (38) 
 
 M� = cos(N�) cos(NS) , (39) 
 
 N� = cos(NS) sin(N%),  (40) 
 
 N� = sin(N�) sin(NS) sin(N%) − cos(N�) cos(N%), (41) 
 
 N� = − cos(N�) sin(NS) sin(N%) − sin(N�) cos(N%) (42)  
 
 O� = 0 , (43) 
 
 O� = N2 , (44) 
 
 O� = N
 . (45) 
 
 Knowing the loads corresponding to radial and axial 
direction for each cam-follower and internal load distri-
bution inside each cam-follower, the resulting linear and 
angular displacements of each robot’s mobile element 
representing the general deformed/un-deformed model 
for a P-joint, assumed to be vertical (a1), horizontal (a4), 
pitching angle (a2), rolling angle (a3) and yawing angle 
(a5), may be expressed as Fig. 3 shows too by equations 
(46)−(53) [3]: 
 

 V2 = �W3X�W$% ,  (46) 
 

 N
 = ∑ �YZ
  ,  (47) 
 

 sin N� = �Y$X�Y	[�Y3[�Y\
%]�3$X^_Y$`_Y	a_Y3a_Y\$ b$ ,  (48) 

  cos N� = �3
]�3$X^_Y$`_Y	a_Y3a_Y\$ b$ ,  (49) 

 

 sin N% = �W\[�W3
]�$$X(�W\[�W3)$ ,  (50) 

 

 cos N% = �$
]�$$X(�W\[�W3)$ ,  (51) 

 

  sin NS = �Y	X�Y\[�Y3[�Y$
%]�$$X^_Y	`_Y\a_Y3a_Y$$ b$ ,  (52) 
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 sin NS = �$
]�$$X^_Y	`_Y\a_Y3a_Y$$ b$ .  (53) 

 
 The overall horizontal and vertical elastic displace-
ments of translational joint can be now determined as 
function of horizontal and vertical elastic displacements 
of cam-followers by expressing the difference between 
two reference systems position and orientation 
(O1X1Y1Z1; O1X2Y2Z2) corresponding to non-deformed 
and respectively deformed joint by matrix [3]. 
 
6.  NUMERICAL MODELS AND ANALYSIS 
 

 In order to accomplish a full analysis on the above 
mentioned standard Gantry robot (Gudel Fp4), the au-
thors developed several applications and numerical mod-
els as it will be revealed in following chapters. 
 
6.1. Custom-made application for determining the 

radial and axial loads on each cam-follower 
from robot’s P-joints 

 The application was developed in Xcel by importing 
the mathematical model in former paper of the authors 
[6]. The results given by the application being the axial 
an radial loads on each cam-follower from robot’s P-
joints and also results regarding the estimated life of the 
most loaded guiding point. 
 In the Figs. 11 and 12 the screen captures from the 
above mentioned application are presented. 
 

6.2. Numerical models developed for each cam-
follower from robot’s P-joints 

 In order to make an evaluation of the internal elastic 
behavior, specific for cam-followers that represent the 
guiding elements for gantry robot P-joints, the authors, 
by using a special made application for bearings assem-
bles research (QBSA), developed numerical models for 
each guiding element. The results given by this applica-
tion represent the internal elastic displacement for the 
studied cam-follower. 
 In Figs 13−15 the aspects from the above mentioned 
numerical models research can be seen. 
 
 
 

 
 

Fig. 11. Data introduction sheet. 

 
 

Fig. 12. Example of results sheet specific for a particular P-
joint. 

 
 

 
 

 
 

Fig. 13. Numerical model of a cam-follower. 
 
 
 
 

 
 

Fig. 14. Internal elastic deflection for a specific cam-follower. 
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Fig. 15. Graphic representation of rolling elements loading 
corresponding to a specific cam-follower. 

 

 
 

Fig. 16. Data entering sheet (axial and radial displacements 
resulted from using numerical model developed in QBSA). 

 

 
 
Fig. 17. Example of displacement matrix generated for Gudel 

Fp4 Gantry robot Y axis subjected to particular loads. 
 

6.3. Custom-made application for determining the 
total elastic displacement specific for a gantry ro-
bot P-joint 

 The above mentioned application were used by au-
thors in order to obtain necessary results for the main 
purpose of the present paper – total elastic displacement 
of a gantry robot P-joint.  
 In order to have results regarding the total elastic 
displacement, the authors developed a custom-made 
application using MathCad functions in which the ma-
thematical model presented in Chapter 5 was imported. 
 Figures 16 and 17 reveal examples of above men-
tioned application functionality.  

 
7.  CONCLUSIONS 
 

 The paper successively presents: the original math-
ematic   modelling   for   Gantry   IR  overall  elastic  be- 
 
 
 
 
 
 

haviour and specific algorithm / quantifying method of P  
joints elastic displacements influence on IR’s volumetric 
accuracy (both of them generally valid for any kind of 
gantry robot and P-joint specific internal design), specific 
performances of an usual model of Güdel Gantry robot 
type and respectively it’s virtual prototype already de-
veloped by authors for performing specific applied calcu-
lus related to this robot’s P joints / overall elastic behav-
iour modelling, the mathematic model of overall gravita-
tional and inertial load distribution, specific mathematic 
algorithm for loading behaviour evaluation related to 
robot’s P-joints partially assemblies and each included 
cam following guiding components. In the first part of 
the paper were presented the general mathematical 
model, made for gantry robots, for determining the posi-
tioning error, valid for a real robot structure. Based on 
the Denavit-Hartenberg algorithm, an original mathe-
matical model has been developed adding matrix expres-
sions that are describing the errors induced by joint’s 
specific kinematic model corresponding to X, Y and Z 
respectively robot axes, as well as specific errors of 
joints generated by elastic displacements, for the general 
case of gantry robots. A Gudel Gantry robot model vir-
tual prototype has been developed too in order to per-
form applied calculus for a specific robot product type 
and as well to allow further approach based on FEM for 
robot’s structural components elastic behavior evalua-
tion. 
 In order to transform the mathematical model pre-
sented in the paper in a useful and practical tool, the 
authors developed several calculator applications and 
numerical models that comes as an addition of gantry 
robot elastic behavior studies.  
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